A striking fact about function theory in several variables is that, under suitable convexity hypotheses on a domain C n with n > 1, if z 0 2 is \close" to the boundary @ , then there are representing measures for z 0 whose support on @ is compactly supported and \close" to z 0 , the projection of z 0 onto the boundary. This is false for domains in C , for general non-convex domains in C n , and for harmonic functions on domains in R 2n .
boundary @ , then there are representing measures for z 0 whose support on @ is compactly supported and \close" to z 0 , the projection of z 0 onto the boundary. This is false for domains in C , for general non-convex domains in C n , and for harmonic functions on domains in R 2n .
For a simple example of this phenomenon, let = f(z; w); Re(z) > jwj 2 g. We will denote the boundary of by = fRe(z) = jwj 2 g (the Heisenberg group). We wish to represent the value of a holomorphic function F on at the point (0; r) 2 for r > 0, by integrating F against a suitable measure on . To do this, we let 2 C 1 0 (C) be a radial function with support in the unit disc and whose integral over C is one. Let r (w) = 4 r 2 2(w ? r) r :
The function r has support in the disc centered at r with radius r 2 and the integral of r over C is one. The mean value property for holomorphic functions shows that Typeset by A M S-T E X Thus, K r is our desired local representing measure for holomorphic functions on the Heisenberg group (near the origin). The existence of these local representing measures for a domain C n is closely tied to the existence and structure of analytic discs in C n whose boundary lies in @ close to a given point. This in turn is closely connected to the nonisotropic nature of the boundary tangential Cauchy-Riemann equations; associated nonisotropic metrics on the boundary; and questions about the local polynomial hull of small regions on the boundary.
For strictly pseudoconvex domains, it is easy to study local analytic discs, since after a local biholomorphic change of variables, one can make the boundary of the domain strictly convex (in the linear sense), and one can obtain analytic discs by slicing by appropriate planes, as in the example. The case of weakly pseudoconvex domains of nite type presents certain additional di culties, since the boundary cannot always be convexi ed, but here too one can obtain local representing measures by imbedding suitable analytic discs (see BDN] ).
In this paper, we generalize these ideas to the case of \wedge domains" with an \edge" which is a submanifold M C n of real codimension greater than 1. Our object is to nd local representing measures on the edge for points in the wedge near the edge. We study the so called \type 2" case, which is the analogue of the strictly pseudoconvex case for domains with boundary of real codimension 1. We have been greatly in uenced in our work by E.M. Stein's seminal observation that a strictly pseudoconvex boundary can be modeled at each point by a nilpotent Lie group, the Heisenberg group, and that the boundary behavior of holomorphic functions on a strictly pseudoconvex domain is intimately connected with the approximating group structure on the boundary. We shall rst study a certain \model case" where the edge is a nilpotent Lie group of step 2, and then show that the general case can be obtained by a three stage process which is again inspired by Stein's work: (i) we pass from the original object of study to a \free" object by adding appropriate variables; (ii) we solve the problem on the freed object by approximating it suitably by the model case; (iii) we return to the orginal object by integrating out the extra variables.
The plan of the paper is as follows. In section 1, we recall some de nitions and results about CR submanifolds and of domains with edges. These preliminaries are necessary for a precise statement of our main result on the existence of a local integral representation formula for holomorphic functions on a domain with an edge which is a generic CR submanifold of type 2. In section 2, we study a model situation of a generic CR submanifold of type 2. This model carries the structure of a nilpotent Lie group of step 2, and we use this group structure to obtain a local integral representation formula for holomorphic functions de ned in the corresponding model wedge. In section 3, we introduce the notion of a free generic CR manifold of type 2. This is one on which there are no linear relations between certain tangential vector elds, or equivalently, one where the real codimension is as large as possible. We also show how a free manifold can be approximated by the model example, and we show how to use Bishop's equation and analytic discs to`transfer' the integral representation formula from the model to the free manifold. In section 4, we show how a general generic CR submanifold of type 2 can be \freed" by the addition of variables. It is then possible to obtain the integral representation formula for the general case from the free case by integrating out these added variables. All these ideas are motivated by the work of Folland and Stein FS], Rothschild and Stein RS], etc.
In section 5, we show how these local integral representation formulas can be used to begin the study of H p functions on domains with edge which is a generic CR submanifold of type 2. In particular, we prove that H p functions have appropriate admissible limits almost everywhere along the edge, for 0 < p 1, and we obtain a necessary condition for a CR distribution on the edge to be the boundary values of an H p function. In recent work, Rosay R] has shown that H p functions on a wedge with an arbitrary generic CR edge has admissible limits almost everywhere, at least for 1 p 1. It is not clear whether his arguments also work for p < 1.
x1 Preliminaries and Statement of the Main Theorem.
In this section, we recall certain basic de nitions and results relating to submanifolds of open subsets of C n . These concepts are necessary for the precise statement of our main result on the existence of a local integral representation formula for holomorphic functions. This theorem is stated at the end of the section. Let U C n be an open set and let l : U ! R, 1 l d be functions of class C 1 . Set M = fz 2 U l (z) = 0; 1 l dg; and assume d We shall need to use the nonisotropic pseudometric and corresponding nonisotropic balls on M induced by the ambient complex structure on C n . We only summarize the construction, which can be carried out for any CR submanifold Here, jB(q; )j denotes the Lebesgue surface measure of the set B(q; ).
We can now state our main result on the existence of a local integral representation formula for holomorphic functions and corresponding estimate for plurisubharmonic functions on a domain with an edge given by a generic CR submanifold of type 2. x2 The model case.
The object of this section is to study a very special case of a domain with an edge which is a generic CR submanifold of type 2. This example will serve as a model for the general case. As we shall see, this model domain and edge play the same role as the Siegel upper half space and the boundary Heisenberg group do for the study of strictly pseudoconvex domains.
We We have the following proposition whose easy proof we leave to the reader. is an analytic disc, the mean value property of holomorphic functions implies that F(0; I) is given by the integral
Since <(W 0 (e i )) = Z 0 (e i ) Z 0 (e i ) , the point (X; Y; g; ) = (X g Z 0 (e { ); X g W 0 (e { ) g X + {Y ) has rank m at the point (I; g 0 ; 0 )). This is clear if we restrict X to diagonal matricies and g to diagonal multiples of g 0 . This completes the proof.
Using this lemma, we can integrate out the extra variables in the above integral formula for F(0; I) and obtain the following. In the above formulas, we have identi ed a point (z; Z) 2 m with (z; Y ) 2 C m H m where Y = =(Z). In the derivation of (1), we dealt with representing the value of a holomorphic function, but if the function is plurisubharmonic, all equalities are replaced by inequalities and (2) is obtained.
We can obtain representation formulas for other points in m by making use of the group structure and dilations on m in the formulas in Lemma 2.7. Let In other words, the reproducing kernel for points in the normal to the origin is obtained from the reproducing kernel for the xed point (0; I) by dilation by the matrix X ? 1 2 0 . Theorem 2.8 can easily be used to establish Theorem 1 for the model case. Statements (1) and (2) of theorem 2.8 establish statements (3) and (4) of Theorem 1. To show the support property (1) of Theorem 1, we rst note that ? 0 is the cone H + m which by de nition is the set of positive de nite, Hermitian symmetric m m matrices. Suppose < H + m is given. There is a constant C which is an upper bound for the ratio of the largest to the smallest eigenvalues of any matrix in . The distance from the point p = (z; z z + X) to m (denoted r(p) in theorem 1) is proportional to jjXjj, which in turn is proportional to the m th root of DetX.
Since K 0 has support in a xed compact set, the desired support property for K follows from the above formula for K. The desired estimate on K also follows from this formula and from the fact that jB( (p); p r(p))j = r(p) m+m 2 = (DetX) m+1 . Though it is nice to have an explicit formula for K, such as the one given above, an explicit formula is not necessary to establish the desired support property and estimate stated in (1) and (2) The rst main objective of this section is to show that a generic CR submanifold of type 2 which is free can be well approximated in an appropriate sense by the model CR submanifold m . We need to introduce notations for certain spaces of mappings.
Let C It is easy to check that the operator de ned in this way satis es the required properties, and is unique. we obtain the the biholomorphic mapping whose existence is asserted by the theorem. The rest of the argument is standard.
For the model domain, our reproducing formula was constructed from an explicit family of analytic discs whose boundary lies in m and whose centers sweep out an appropriate cone in the normal space. Since M p is well approximated by m , we expect that there will be a similar family of discs in this case, at least if the size of the discs is kept small. In order to see that this is so, we need to brie y recall the analysis of Bishop's equation. (The solution to Bishop's equation is discussed thoroughly in B]).
Let C 1; (S 1 ; H m ) denote the space of continuously di erentiable functions from the unit circle S 1 to H m whose rst derivatives satisfy a H older condition of order . Let A 1; 0 (D ; C m ) denote the space of continuously di erentiable functions from the unit circle to C m whose rst derivatives satisfy a H older condition of order , and which are boundary values of holomorphic functions on the unit disc which vanish at the origin. (0): Since E h is a higher order error term, it is reasonable to expect that we can invert h for X and Y small. This is made precise in the next lemma. Sketch of Proof. Fix compact sets K 1 H + m and K 2 H m (so in particular, K 1 avoids the origin). Our estimates in theorem 3.5 imply that can be chosen small enough so that if h 2 W then the X-derivative of the <-part of h (X; Y; g) has maximal rank for X 2 K 1 and Y 2 K 2 . Since the =-part of E h (Z(X; g); Y )( = 0) is zero, it is clear that the =-part of h (X; Y; g) is Y . The proof of the lemma now follows easily.
We can now repeat the arguments of x2 pertaining to the model case to nd a local integral representation formula for holomorphic functions at the point (0; I). (Here d denotes the surface measure on M h ). We also have the following uniformity on the functions K h :
(1) There is a constant C so that for all h 2 W , suppt K h fz 2 M h jzj Cg; (2) For each multiindex there is a constant C so that for all h 2 W , if D is a derivative of order , then sup
So far, we have seen that if jjhjj 2 is small enough, we can represent the point (0; I) by integration against a compactly supported smooth function on M h . We can now use homogeneity arguments to deal with arbitrary points (0; X) for X belonging to a smaller cone < H + m .
Lemma 3.8. Let < H + m be a relatively compact subcone. There exists > 0 so that if jjhjj 2 < and X 2 \ fjXj 1g then there is a function K h;X 2 C 1 0 (M h ) with the following properties: The constants C 1 and C P are independent of h and X. Cjjhjj 2 for jjXjj 1: By restricting jjhjj 2 , we can make jjh X jj 2 as small as desired. To prove lemma 3.8 for a given holomorphic function F, it su ces to apply lemma 3.7 to the function F S ?1 X . We have
where d h ( ) denotes surface measure on M h . Therefore
The estimates on the derivatives of K h;X follow from the chain rule and the volume estimate on the nonisotropic ball given in lemma 1.8. This lemma can be used to complete the proof of Theorem 1 for the case of free generic CR submanifolds of type 2 as follows. Let p 0 be a xed point in M. For p near p 0 , we can biholomorphically map M to M p so that its de ning equations are in the normal form given in lemma 3.3. This biholomorphism takes p to 0 (the origin). Therefore, it su ces to represent holomorphic functions at points of the form (0; X) for X with su ciently small norm and which belong to some subcone of H + m . Now we wish to apply the last lemma. However, there are 2 di erences between the statement of theorem 1 for free generic CR submanifolds of type 2 and the statement of lemma 3.8. First, theorem 1 has no restriction on the norm of h. Second, theorem 1 assumes that the functions to be represented are holomorphic (or plurisubharmonic) only on the open set rather than all of C m 2 +m as stated in lemma 3.8. The rst di erence can be handled by the scaling argument given in the proof of lemma 3.8 with X = I. Note that in the proof of that lemma, the norm of the function h (z; Y ) = ?1 h( p z; Y ) is bounded by a constant factor of jjhjj 2 1 2 .
For a given h 2 C 2 (C m H m ; H m ) 0 , we can restrict jjh jj 2 by suitably restricting . Then, we can apply lemma 3.8. This rescaling means that the representation given in (1) and (2) of lemma 3.8 now only applies to X 2 with su ciently small norm. For the second di erence, we need to show that the analytic discs used in the construction of the integral formulas not only have their boundaries in M, but also lie entirely in , for then the proof of lemma 3.8 applies to functions which are holomorphic only in . This additional fact follows from the following result. It su ces to show that f( ) belongs to a cone 0 with < 0 < H + m . Let S be the set of all real-a ne linear maps of unit norm which de ne the convex set , (i.e. a point X belongs to if and only if`(X) 0 for all`2 S). We must show that there is a number > 0 which is independent of`such that (f( )) jf( )j for all 2 D . The hypothesis of the lemma implies that there is an^ (depending only on and 0 ) such that`(f(0)) ^ . In addition, ?` f is subharmonic on D and vanishes on j j = 1. The Hopf lemma and the maximum principle together with the fact that jjZjj C 1 imply that there is a number > 0 (depending only on^ ) such that`( f( )) (1 ? j j) for j j 1:
On the other hand, since f is uniformly bounded in C 1 -norm (on D ) and since f( ) = 0 for j j = 1, there is a uniform constant C > 0 such that jf( )j C(1 ? j j) for j j 1:
The previous two inequalities complete the proof of the lemma.
x4 General generic CR submanifolds of type 2
In this section, we complete the proof of Theorem 1 by reducing the case of a general generic CR submanifold to the free case discussed in the last section. This reduction is accomplished by a process of adding variables, which we now describe.
Let M C n be a generic CR submanifold of type 2, with CR dimension m and real codimension d, so that n = m + d. Let To prove theorem 1, we must show that if p 0 2 M and < ? p 0 are given, then we can nd a positive kernel which represents holomorphic functions on at points of the form p + x where p is a point in some neighborhood ! containing p 0 and x belongs to some -neighborhood of the origin of (denoted in the statement of the theorem). The basic idea is as follows: 1) lift the problem toM; 2) apply the kernel from lemma 3.8 toM; and then 3) integrate out any extra variables introduced by the lift from M toM. A slight complication arises in that there is no canonical way to lift points x 2 to the convex hull of the image of the Levi form ofM. Therefore, a localization argument with a partition of unity is used. Now we present the details. For each point p 2 M near p 0 , letp be the unique point inM 0 which lies over p (recall thatM 0 is the slice ofM with Im(w 0 ) = 0 andM 0 is a graph over M). Forp nearp 0 , we can biholomorphically mapM toMp so that its de ning equations are in the normal form given in lemma 3.3. Recall that this biholomorphism takesp to 0. This biholomorphism also induces a biholomorphic map de ned near M (by restricting the biholomorphism to the rst m + d complex coordinates). We let M p be the image of M and p R d be the image of under this biholomorphism. The cone p is contained in the closure of the convex hull of the image of the Levi form ofMp at the origin which by lemma 3.3 is the cone H + m . Likewise, we let p and~ p be the images under this biholomorphism of and~ , respectively. In the new coordinates, there is a projection p :Mp ! M p which takes~ p to p . To prove theorem 1, it su ces to nd a kernel for M p which represents holomorphic functions on p at points of the form (0; X) 2 C m p . By rescaling as in the discussion after the proof of lemma 3.8, it su ces to assume jXj = 1 and to assume that the norm of the jF(z)j < +1:
Next we de ne certain approach regions in domains with edges. We will need to consider a conical, or nontangential approach, as well as an admissible approach to a boundary point. This lemma holds for any submanifold of nite type. Its proof is similar to the proof of the analogous fact for the Euclidean maximal function SW]. The key ingredient of the proof is property (2) of lemma 1.8 which is used to obtain the required convering lemma for our family of balls. We shall need lemma 5.4 only for submanifolds of type 2 and only for the case p = 2.
The next lemma contains the key estimate for the proof of the theorem. It follows easily from the estimate on plurisubharmonic functions given in theorem 1. We proceed with the proof of theorem 2. Fix any q 0 2 M, > 0 and < ? q 0 . We assume 0 < p < 1 (the case p = 1 is similar and in fact easier). 
